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t I ■ Abstract. In this paper, we prove a blow-up criterion for 3D compressible visco- 

O | elasticity in terms of the upper bound of the density and the deformation tensor. 
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1. Introduction 



Visco-elastic fluids exhibit the characteristics for both fluid and solid. The elastic be- 
havior of these materials is attributed to the underlying microstructure or configurations, 
the deformation of the structures will cause the exchange of kinetic energy and elastic 
internal energy. The energy exchange is realized through a coupling of the transport of 
the internal elastic variables and the induced elastic stress. 

To illustrate this coupled interaction, we denote x(t,X) as the Eulerian coordinate, 
where X is the Lagrangian coordinate of the particles. The velocity field defined on the 
Eulerian coordiante be 

(1.1) u(t,x) =x t (t,X(t,x)), 
and the deformation tensor is 

(1.2) F(t,x) = H(t,X(t,x)) = -^(t,X), 

which is determined by a transport equation (see [31 [51 HB]). 

(1.3) F t +u-VF = VuF. 

This equation is regarded as the compatibility condition between velocity u and deforma- 
tion tensor F. For homogenous, hyper-elastic and isotropic material, the action function 

is (see puma mi) 

(1.4) A(x)= [ [ \ P() {X)\x t {t,X)\ 2 -E(H)-P(p(x(X,t),t)) dct HdXdt, 

Jo Jn z 

where po{X) is the density in the undeformcd configuration, p is the density in the 
deformed configuration. Qq is the original domain occupied by the material. E(H) is the 
elastic energy function. P(p) is the hydrostatic pressure, satisfying P(p) — C^p 1 , with 
Cq > and the adiabatic index 7 > 1. P(p) det H represents the internal energy. Taking 
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a variation of A(x) with respect to the flow map x(t, X), we get the inviscid momentum 
equation in Eulerian coordinates f |10j) 

(1.5) P (u t + u ■ Vu) + VP = V ■ ( J/gffV ), 

where F T is the transpose of F, the term dc * F SE qp^ F T is the Cauchy-Green tensor. 
When we take the dissipation energy into consideration, see [I] [5] , we can get the corre- 
sponding viscosity momentum equation 

(1.6) p(u t + u-Vu) + VP = pAu + (/i + A)Vdivu + V • ( - 1 - dE JP F T ) . 

det b ob ' 

Combining (|1.3p . (11.61) and mass conservation equation, with Hookean elasticity, we get 
the following viscoelasticity system 

U + v-(H = o, 

(1.7) < p(u t + u ■ Vu) + VP = pAu + (p + A)Vdivu + V • (^pFF T ), 
[F t + uVF = VuF. 

The viscosity coefficient (i, X are constants satisfying p > 0, 3A + 2p > 0. 

The system (|1.7[) . when F do not exist, it is a compressible Navier- Stokes equations. 
The global strong solutions existence for large initial data is still open. Therefore, there 
are many efforts to study the blow-up criteria. See [7J 119] and references therein. 

When we take the deformation tensor F into consideration, the system ()1.7[) will be 
much more complicate, although the deformation tensor admits a transport equation 
which is similar to the continuity equation. The incompressible visco-elasticity has been 
studied by [H [TUl HH [HI HH HU etc. Precisely, in 2D, the local strong solutions to large 
data and global strong solutions to small data have been studied in [M[TTl[T2l[T4l[T6] . The 
global strong solutions in 3D with small data have been presented in [12] . Subsequently, 
the blow-up criteria for 2D Oldroyd model have been presented in [13] , a blow-up criterion 
in 3D with partial viscosity was proved in [15] . 

For the compressible case, The local strong solutions with large data and global 
strong solutions with small data to (|1.7j) were proved in [4] and [18] respectively. 
Subsequently, Hu-wang [6], presented a blow-up criterion for local strong solutions as 
II ^^IIl^o.t.l^r 3 )) < °°- To proceed, we firstly introduce some notations as following 

D k (R 3 ) = {ue Lj oc (R 3 ) : || V k u\\ L * m }, 

D*{R 3 ) = {ue L 6 (R 3 ) : || V k u\\ L 2 {R3) < oo}. 
In Hu-Wang[6], they have proved the following results, 

Theorem 1.1. (Hu-Wang 6 ). Assume that the initial data satisfy < po 6 H 3 (M. 3 ), 
u G £>J(R s )r|-D 3 (R 8 ), e -ff 3 (M 3 ),V • (p F ) = and 

- pAu — (A + ^i)Vdivu + AV 'pi = p g, 
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for some g G _ff 1 (M 3 ) with •t/pog € L 2 (R 3 ). There exist classical solutions (p,u,F) to 
Jj.7p satisfying 



(1.8) 



\(p,F)eC([0,T*],H 3 (R 3 )), 

u e c([o,r],flJ(i 3 )ni> 3 (iR :! ))ni 2 (o,J ,i ,_D 4 ' 

ut € i°°([0,T*,^(R 3 ))ni 2 (0,T*,^ 2 (IR 3 )), 
LVp Mt eL°°([0,T*,L 2 (R 3 )), 

where T* is the maximal existence time. If T* < oo and 7/i > A, i/ien, 
(1.9) lim / Vu \\Loo(s3)dt = oo. 

Enlightened by the work of Sun- Wang-Zhang [19], in which the authors presented 
the blow-up criterion for a compressible Navier-Stokes in the terms of ||p||l°°(o 1 t 1 l<*')! 
we will establish a blow-up criterion in terms of the upper bounds of the density and 
deformation tensor for the local strong solution to the 3D compressible visco-elasticity. 
Our main result states as follows. 

Theorem 1.2. Assume that (p,u,F) is the local strong solution mentioned in (11. 8|) . and 
p, A be as in Theorem ] 1. 11 The initial data po > £q > 0, Uq and F$ as in Theorem ] 1. 11 
T* is the maximal existence time of the solution. If T* < oo, then we have 

(1-10) lim sup{||p(t)|| L oc (0iT;i oo (n)) + ||F|| L oo (aT;i oc (a)) } = oo. 

i \i * 

Remark 1.3. According to (|2.7[) . the condition (jl.lOp implies that, if ||p||l°°(o,t,l oo (si)) = 
oo ; or equivalently detF = 0, the mass accumulate at one point or the material volume 
compress to zero. If \\F\\ La0 (Q^ t,l°°(Q)) = oo,then the deformation leads to the blow-up 
phenomenon. 



If \\p(t)\\L°°(o,T;L°°(ti)) an d \\F\\l°°(o,T;L^(CI)) are bounded, we can obtain a high inte- 
grability of velocity, which can be used to control the nonlinear term (See Lemma 3.2). 
The difficulty is to control the density and deformation, which satisfy transport equations. 
To do this, it requires the velocity is bounded in L 1 (0,T; W 1 ' 00 ^)). On the other hand, 
we have to obtain some priori bounds for Vp and \7F to prove u £ i 1 (0, T; W 1,00 (fl)), 
furthermore, the elasticity term V • ( jr-p FF T ) in the momentum equation will bring 
extra difficulty to us. Thanks to the structure of the equations, we get the cancelation 
to the derivatives of p. F during our computation, which brings us the desired result. 
Moreover, we get the result without the restriction on p _1 , it is an advantage compared 
with Sun- Wang-Zhang [20] . 

In this paper, we follow the line of Sun- Wang-Zhang [191 120] . write 
(1.11) L = pA + (A + p)Vdiv 

then, the Lame operator L is an elliptical operate. 

Generally speaking, the fluid is driven by three kinds of forces which present different 
mechanisms. They are gradient of pressure, elastic deformation, and inertial force. Ac- 
cording to these mechanisms, we can decompose the velocity field to several parts. Here, 
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since the pressure term and the elasticity term have similar form in the equation, we put 
them together and decompose velocity field into two parts, that is 

(1.12) u = v + w, 
with 

(1.13) Lv = Vp - V .(-L- FF T^ 
and 

(1.14) Lw = pu, 
where 

u — dtu + u ■ Vit. 

By the decomposition, in order to obtain the regularity of it, it is sufficient to consider 
the regularity of v and w, which admit the above elliptic equations. 

Our paper is organized as following. In Section 2, we shall present some preliminaries. 
Section 3 is to present some priori estimates. The proof of Theorem 1.2 should be 
presented in Section 4. 



2. Preliminaries 

Consider the following boundary value problem for the Lame operator L 

( ( ^AU + + A)VdivC7 = F, in Q 

[ > \ U(x) = 0, on dn 

where f2 is R 3 or a bounded domain in R 3 . We present the following Lemmas, see p~9l [20] 
for details. 

Lemma 2.1. Let q € (l,oo) and U be a solution of h2.1\) . There exists a constant C 
depending only on A, \x, q and such that the following estimates hold. 

(1) IfFe L^fl), then 

(22) [ \\D 2 U\\ LHM3) <C\\F\\ LHWi3h 

\ \\U\\w 2 <i(n) < C||^||L9(n); if & is a bounded domain. 

(2) IfFe W- 1 «(n)(i.e., F = div/ with f = (fo)ax3, fij G L^Q)), then 

C2 3) / \\ D U\\ L 1(R3) < C||/|| L9 (R3), 

|_ ||f/||v7i.9(n) < C||/I|l9(0); if ft is a bounded domain. 

(3) If F = div/ with fij = d k H* and h\. e W^ q {Vt) for i,j,k=l, 2, 3, then 
(2-4) \\U\\ Lq{ n) <C\\h\\ Lq{n) . 

Lemma 2.2. If F = div/ with f = (f %3 ) 3x3 , f t3 € L°° (fl) f] L 2 (Q) , thenVU <E BMO(9) 
and there exists a constant C depending only on \, fi and such that 

(2-5) \\VU\\ BMOin) < C(||/|U~ ( n) + ||/|U»(n))- 



A BLOW-UP CRITERION FOR 3-D COMPRESSIBLE VISCO-ELASTICITY 



5 



Lemma 2.3. Let fl = R 3 or be a bounded Lipschitz domain and f € W 1,q (fl) with 
q G (3,oo). There exists a constant C depending on q and the Lipschitz property of 
such that 

(2.6) ll/IU~(n) < C(l + \\f\\ BMO w) He + ||V/|U. (n) ). 
The following lemma is well-known. 

Lemma 2.4. Let p,F as defined before, and po is the initial data of p, then 

(2.7) p-detF = p . 

In the following, we use the notation, for the matrix {A)^^ and (5)3x3 

A : B = Aij Bij , 
where summation applied to terms with repeated index. 

3. Priori Estimate 

By the standard energy estimates, we have 
Lemma 3.1. (Priori estimate) 

\\p{t)\W(a) = IIpoIIli(q), 

(3.1) \\J^F\\v {n) + ||p(t)||I, (n) + \\p\u\ 2 (t)\\ LHn) + ||V«||i 2((0jt)xn) 

< C(\\po\\h m + IIPo|«o| a |Ui(n) + ll^olU^n))- 

Lemma 3.2. Assume the initial data as in Theorem \1.2l 7/i > A, the density p and 
deformation tensor F satisfy 

(3-2) IIHlL~(o,T;L=°(fi)) + \\ F \\L~(o.T;L~(n)) < °°,0 

then, there exists r € (3,6), such that p\u\ r € L°°(0, T; L 1 (57)) 7 with 

(3-3) \\p\u\ r \\L°°(o,T-M(Q)) < C. 

Here C depends on T, ||p||l°=(o) ; ||-PllL°°(n) an d initial data. 

Proof. Multiplying the equation (|1.7p 9 by r|u| r_2 u and integrating the resulting equation 
on to obtain 



(3.4) 4- I P\u\ r dx+ [ r\u\ r - 2 {p\Vu\ 2 + (\ + p){dWuf) 

+ r(r - 2)(^|ur- 2 |V|u|| 2 + (A + p)divu\u\ r ~ 3 u ■ \7\u\)dx 

rP{p)div(\u\ r - 2 u)dx- { rV(\u\ r - 2 u) : {—^—FF T )dx. 
n Jn det F 



1 Recall Lemma 2.4 and po > ^0 > 0, this condition implies < cq < detF < 00, a.e. 
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By using the fact |Vu| > |V|u||, the term in second integrand can be estimated by 

(3.5) rM r ~ 2 MVw| 2 + (A + p)(divu) 2 + (r - 2)/i|V|u|| 2 — (A + fi)(r - 2)|V|u||divu] 

>r\u\ r - 2 [^u\ 2 + (r - 2){p - (A + M )^)|V|u|| 2 ] 
>C\u\ r - 2 \Vu\ 2 . 

The pressure term 

(3.6) f P( P )div(\u\ r - 2 u)dx < C [ p^\u\ r - 2 \Vu\dx, 
Jn Jn 

and the elasticity term 

(3.7) f |V(|ii|' r - 2 u) : -J—FF T \dx < C [ (\u\ r ~ 2 \Vu\p r -^)dx. 
Jn detF J n 

By using 

(3.8) f p^\u\ r - 2 \Vu\dx<e [ \u\ r - 2 \Vu\ 2 dx + -( f p\u\ r dx)^, 
Jn Jn £ Jn 



then, (I3.4l) - (|3.7p imply the desired estimate. □ 

Proposition 3.3. Under the assumption (|3.2[) . then we have 

(3.9) ||Vio|| L oo( 0)Tji j( n )), \\p^d t w\\ L 2 {o:rn)l ||V 2 w|| L 2 (0 iT>n) < C, 

where C is constant depends on \\p\\L°°(o,T,L°°(n))j \\F\\L°°(o,T.L°°(n)) an d the initial data. 

Proof. Using the momentum equation, we get 

J pd t w — Lw = pG, in [0, T) x Q,, 



w(t,x)—0, on [0,T) x <9f2, w(0,x)=w o (x) in O, 



(3.10) 
where 

(3.11) G = -udwu - L- l V(d t P) + L _1 Vc?t(— ~ — FF T ) 

det F 

= -udivu + L" 1 Vdiv(Pu) + L" 1 V[(pP'(p) - P)divu] 

+ L^VlVu • (— !— FF T ) + —!— PF T (Vu) T - div(u ® — ^ — FF T )}. 
L v detF ; detF y ' y detF n 

Multiplying the equation with d t w and integrating over fi, with the Holder inequality, 

we get 

(3.12) j I p\Vw\ 2 + (X + p)\divw\ 2 dx+^ f p\d t w\ 2 dx< hy/pG\\ 

Now, we shall estimate |Ivp^IIl 2 (o) term by term. 

(3.13) ||Vpwdivu|| L 2 (n) < Cll^llLr^HVull^^ 

< C(£)\\Vw\\ L2m + e\\ V 2 w\\ L 2 (n) + C, 
Here 2 < r < 6, and we used the interpolation inequality 
(3-14) ||-|U-(n)<C(e)||-||i»(n)+e||V-|U»(n). 
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From the estimates for Lame operator and the energy estimates Lemma 3.1, we have 

(3.15) IIVpL-iVdivCP^IU^fi) < C\\Pu\\ L 2 {n) < C||VHU» (fl ) < C, 
and 

(3.16) \\^pL-^[Vni^FF T ) + J^FF?^ - V • (u® ^^JJIl ^,<.., 

1 ~ 1 



i 

detF J 



<a||Vtt|| £ »(n) + c. 

Similarly, we have 

(3.17) \\JpL- l V[{pP' - P)dWu}\\ L 2 (n) < C||V«|U 8( n). 

Then, the results p.9[) follows from ()3. 1 ![) - A3. 161) and energy estimates Lemma 3.1. □ 

Corollary 3.4. Under the assumption of Lemma \3.2\. we have 

(3-18) \\^u\\L^(0,T,L 2 ),W u \\L 2 (0,T,L1{a)) < C, 

for any q E [2,6]. 

4. Proof of Theorem 1.2 

Proposition 4.1. Suppose T* < oo is the maximal existence time, VT, <T < T* and 

3<q<6,lf 

(4-1) \\p, p _1 |U~(o,T,L°=(n)) + ||-F|U°°(o,T,£°°(n)) < oo, 
£/ien, we obtain 

(4-2) l|V 2 H| L2(0iT;i , (n)) <C, 
and 

(4.3) / ||Vtt||£oods < oo. 



JO 

Proof. We first estimate || ^wW^^rp.^^y By Lemma l2"Tl and (|1.14p . we have 

(4-4) ||V 2 w|| L , (f 2) < ||HU«(n)- 

Noting, 

(4.5) pii — Lu + VP = V • (— ^ — PP T ), 
y ' y v dctP ; 

taking 9 t to this equation, we get 

(4.6) ptu + pu t -Lut + VPt=V •(-r^—FF T ) t . 

det r 

Applying u® and divergence to (|4.5[t . we have 

(4.7) V • (/ra)u + /ro - Vu - V • (u ® Lu) + V • (u <g> VP) = V • [u ® V • (^p i?i?T )]- 
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Adding (I4.6[) and (j4.7|) together, we get 

(4.8) pii t + pu • Vu + VP t + V • [u ® VP] 

= fi[Au t + V • (u ® Am)] + (A + /x)[Vdivu t + div(u ® Vdivu)] 

+ V.[(^PP-) t+ ^V.(^PP-)]. 
Multiplying above equation by u and integrating on fi, we get 

(4.9) ^- [ -p\ii\ 2 dx-p { (Au t + div(u® Au)) • iidx 



dt Jq 2 j n 

— (A + jii) / (Vdivu* + div(u (g) Vdivu)) • ucfa; 



n 



= / Pfdivwrfa; + u ■ Vu • Vpdx 
■/o ,/n 



/ n V-[(^PP^ + ^V.(^PP-)].^. 



The estimates of the second and the third terms on the left hand side, as well as the first 
and the second terms on the right hand side in (|4.9[) , are the same as in [HI [20] . For 
completeness, we give a brief proof as following 

(4.10) - / (Au t + div(u ® Au)) ■ udx = / Vu t : Vu + u ® Au : Vudx 
Jn Jn 

= / |Vu| 2 - V(it • Vu) : Vii + u x Am : Vudx 
Jn 

= / [|Vu| 2 - (VuVu) : Vu + ((u ■ V)Vtt) : Vu 

- (VuVu) : Vm - ((it • V)Vu) : Vu]dx 

> [ [^Vup-ClVul 4 ]^, 
Jn 4 

and 



(4.11) - / (Vdivu t + div(u ® Vdivu)) • udx 
in 



/n 

[|divu| 2 — divuVu : (Vu) T — divu(Vu) T : Vu + divu(divu) 2 ]G?:r 



>^[I|divu| 2 -i|Vu| 2 -C|Vu|> 



We continue to estimate the pressure term. 



(4.12) 



/ Ptdivii + (u ■ Vu) • VPdx 
Jn 

= / — /9P'(/o)divudivu + P[divudivu — (Vu)' : (Vu)]cLt 
Jn 

<C||Vu|| i 2 (n) ||Vu|| L 2 (f2) < C\\Vu\\ L 2 {n) . 
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Next, we estimate the elasticity term f n V • [{ d ct F FF T ) t + u ® V • ( dc * F FF T )\ ■ udx. 
From (ll.7[) . we get 

(4.13) | n V • [(^J^) t + « V • (^FF-)] • &fe 

= J a V • [V, • (-^FFT) + ^^(V^ - ^^(V ■ 

+ / V • [u (8) V • (— — — _F-F T ) - u • V(— !— FF T )]udx 
Jn detF y v detF n 

Since ||p||,L°c(o.T.L°°(n)), ||-F'|U°°(o ) T,L° o (fi)) < oo, we get the bound for the first three terms 

on the right hand side of the above equation as following 

(4.14) 

I / V- [Vu- ( — - — FF T )-\ — FF T (\7u) T —FF T (V-u)]udx\<C [ \Vu\\Vu\dx. 

Jn detF detF detF J n 

As to the last term on the right hand side of (|4.13p . we have a cancelation 

(4.15) V • [u ® V-(^FF T ) - u ■ V(^FF T )} ■ u 

= - d l [d ] u l ( — F F ]k Fi k )]ui + di[djUj( ^ F F jk Fik)]ui. 

Therefore, 

(4.16) / V • [u® V ■ (— !-= FF T ) -u- V(--!— FF T )] ■ udx 
Jn det b det /• 

<C7||Vw|| L 2 (n) ||Vu|| L 2 (n) . 



Combining the above estimates, recalling Lemma we get 

(4.17) j t p\u\ 2 dx + J \Wu\ 2 dx < C(l + ||Vu||t4 {n) ). 

Noting that 

(4-18) llVulli^n^llVull^^HVulliejn) 

< C\\Vuf Le{n) (\\Vw\\ L e m + ||V«|U«. (n) ) 

<C||Vu||ia ( n)(l + NU»(n))- 

Substituting this estimate into (|4.17l) and using Corollary 3.4, we have ||Vw(t)||^ 6 (n) e 
i 1 (0,T), then conclude by Gronwall's inequality that 

(4-19) |IV/^ll£°°(o,T;£ a (n)) + I|Vu|| L 2((o,t)xo) < C. 

Recalling (j4.4|) and Lemma I^TTT (4.2) is verified. 
In the following, we shall prove (4.3). Noting that 

(4.20) ||Vu||i,i(o,T;i°»(n)) < C||u|| L i( ,T;iy 2 .<!(f2)) 

< C(lklU 1 (0,T;M'' 2 .'!(fi)) + WwWl^O.T-W 2 -"!^)))! 
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where3<(7<6. By Lemma EU Hlw^n) < || VP|U 9(n) + 1| V- (^pFF T )\\ L , (a ), from 
the assumption (14. ip and lemma 2.4, we have 

(4-21) l|VP|U, ( n) <C||Vp|U 9( n), 

and 

(4-22) || V .(^FF r )|| L , (n) 

<C\\Vp\\ L . m \\F\\l„ + C\\p\\ L ~ (a )\\VF\\ L , m \\F\\ L - 
<C\\W P \\ Lq{n) +C\\WF\\ Lqm . 

Therefore, recalling (|4.2[) , to bound || Vu|| L i( 0i T,L°°(n))j it suffices to bound ||Vp|| ig ( J2 ) 
and || VF|| ig (Q) . Taking gradient to both sides of equation (|1.7[h and (|1.7p ^ , we have 

(4.23) (Vp) t + u ■ V(Vp) = -V(pV ■ it) - V« • Vp, 
and 

(4.24) p(VF) t + pu ■ V(V-F) = pV(VuF) - pVuVF. 

Multiply by qp|Vp| 9 ~ 2 Vp and gp|VP| 9 ~ 2 VF to ([423)1 and (|4~24|) respectively, we have 

(4.25) lJ^ p \Vp\idx 

= - <7 / V(pV • M)/9|Vp| 9_2 Vp(ia; - q / Vu • Vpp| Vp\ q ~ 2 Vpdx 
Jn Jn 

<C [ p\Vu\\Vp\ q dx + C I p^uW^p^dx 
Jn Jn 

<C\\Vu\\ L oo {n) \\p^Vp\\ q Lqm + CHV^IIi^^H^^Vpll 



as well as 

(4.26) ±J^p\VF\ q dx 



<C [ \pV(\7uF)\VF\ q - 2 VF\dx + C [ \ P VuVF\VF\ q - 2 VF\dx 
Jn Jn 

< C||V 3 u|| i , (n) ||p 1 /'VF||«7 ( 1 n) + CUVuIU-^IIp^VFII',^) 
From (l4~2"5j) and P~2l))) , we get 

(4-27) |(IIP 1/9 Vp||L w + ||^VF||« 9(0) ) 

<C||V 2 U |U 9(0 )(||p 1/<? Vp||i; ( 1 0) + WpV'VFW 

+ q|v u ||^ ( o)(||p 1/9 vp||^ (n) + ||p 1 / 9V P||^ (n) ). 

Noting that 

(4.28) l|V«||i-. (n ) < ||V«|Uoo (n) + ||Vu.|| L oo (n) , 

(4.29) l|V 2 W || L9(0 ) < ||V 2 «|| i5(n) + ||V 2 W || i9(f2) , 
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and by Lemma 2.2, 

(4-30) ||Vv||i»o(n) < 1 + || Vv|| BMO (q) ln(e+ ||V 2 || L5( n)) 

< 1 + Cln(e+ ||V 2 i;|| L , ( o)). 

Then from (|4.2[) . we obtain 

(4.31) |(e + \\ P 1/q Vp\\ Lqm + I|P 1/9 VF|| L , (0) ) 

< C[l + ln(e + \\ P 1/q \7 P \\ Lq{n) + Wp^VFW^)] 

{e + \\p l '*Vp\\ L , ( a ) + \\(V'>VF\\ L , (a) ). 

Using Gronwall inequality, we get Wp 1 ^^ p\\l"{q:) an d ||p 1 ^' J VF|| I ,,(Q) are finite, hence 
||V 2 f||L9(n) is bounded. 

□ 

Remark 4.2. By we have p^ 1 — detF/pQ. When po has lower bound Eq and F £ 

L°°(fl), we have ||p _1 ||l°=(q) < ej° < oo. Namely, if we restrict H-FHl^o.t.L 00 ^)) < 

oo, then \\p~ 1 \\L oc (o.T.L°°(n)) < 00 w ^ hold naturally. 

Now we are to prove our main theorem by the contradiction argument. 
Proof of Theorem 1.2. Suppose the maximal existence time of solution T* < oo, and 
l|p|U°°(o,T\L°°(n)) + ||^1U~(o,t\l~(q)) < oo. By Remark S21 and Proposition ED we 
obtain 

I|V-u||li( ,t*,l-(o)) < oo. 
This is a contradiction with Theorem 11.11 
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